3
3
1 j k2
i =
o ]

/3

3 3

%

W —



Z,=1+i,Z,=+i3,Z,=1—i,Z, =/3 +i

Find 212225 ,Arg ZiZs
Z, z.Z,

Zﬁzzzs:(1+i)@A~J§)(l—i):(l+vﬁ]+i—~J§ﬂ1—i)

z, J3+i J3+i
24238 LB—i 2320 +6i +23
B B 3-1
=2J3+2i
;[E£3££j=2J§+m

Z4

Arg [lezj:Arg (2,2,)-Arg(Z,Z,)
Z.Z,

=[ArgZ, +ArgZ ,|-[AQrZ , + ArgZ , ]
1 =z
ArgZ, =tan ===
9 1 4
Argzzztan’lﬁzz
1 3
-1 —x
ArgZ,=tan ' —=——
923 1 4
1 T
ArgZ,=tan' —==>—
4 ‘\E 6
- Arg 212, :[£+£]_[i E]
z.Z, 4 3 4 6
- Arg 22y |_27
z.Z,) 3

b) Find roots of the equation e? + 1 = 0 which lie inside the disc |Z| = 4

e?=1 r=,(-1?+0=1 0= tan_1%=0+ is
0=rm
eZ = relf = gi(m+2nm) n=04+1+2,...... Y
atn=0 - Z =i(r+ 2nw) = ir - inside c

n=1 -7 =1in3 =i3w - outside c



n=-1 -7 =—im - insidec

n=-2 -7=—i3mw =im - outsidec
Z = {im, —im}
2_
i z=14+i->x=1y=1

1-c) lim P

(x +iy)? —2(x + iy) + 2

lim

Z-1+i (x + iy)z — 21
o (x+)?r-2x+iy)+2 . (x+D*=-2(x+i)+2
lim lim . _ = lim : : —
x-1y-1 (x +iy)? —2i x-1 (x + )% — 2i
L o2xbiz-2 2 -2
o1 2x+ 2 242 i2-2
o (x+iy)E-2x+iy)+2 0 A+iy)2-21+iy)+2
lim lim . : = lim , ,
y-1x-1 (x +iy)? —2i y-1 (1+iy)?—2i
. 1-y? 0
WiT+2y—y2—2i 0
Y -2y -2
Y12 =2y i2-2
o 222242 2
Coivi Z2-20 2-2

1-D) Determine the following function is continuous at the given point:
x% + iy? 7 %0
() = 1Z| * atZ =0
1 Z=0

1) f(0) = 1 defined

. x%+ iy? . x%+ iy?
2) 11Inz—>0 W - 11Inz—>0 (\/W)z

) ) x%+ iy? )



x%+ iy? iy?

x2+ y2
Limit is not exist

F(z) is discontinuous at Z=0

1-e) Find the point of discontinuity of the function:

f(2) = %—SGCZ

Z = {O, (2n+ 1) ”/2} discontinuity points

(2) Discuss the differentiability of the following function:

W= 1
- Z
1 1 x + iy x + iy X b y
i k —_— =
Z x-—iy x+iy x*+y? x?+4 y? lx2+y2
P+ yH 20 —x® +y° Vx = —2yx
(2 + Y (x2+ y?)? (x2 + y?)?
(x% + y2)0 — 2xy —2xy v (x% + y?) — 2y?
—_— —_— y —_—
(x2 + y2)? (x2 + y2)? (x%+ y?)
X2 — y2
_ (x2 n y2)2

Ux # Vy => C.R condition not satisfied.

~ f(Z) has no differentiable

2-b) Prove the De Moiver's theorem, then use it to compute:




(1+i)°
Z=x+iy=re? =r[cosf + isinb]
7" =" e = y"[cos @ + isin O]"
~ r™[cos@ + isinO@]" = r"*[cosnb + i sinnb]

* [cos@ +isinO]" = [cosnb + isinnb]
6
1+° = [\/E (cos T/y+isin ”/4)]

= (\/2)6 (cos6 ”/4 + i sin6 ”/4)

3 [ 37T+ . 3m ai
=8 [cos— + isin—| = —8i

2 2
2-c) Determine whether the following function is harmonic or not, if your
answer is yes, find conjugate harmonic and find f\(Z), V= —e*siny
Vx = e *siny Vy= —e¥cos y
Vxx = —e *siny Vyy = —e *sin y

Vxx +Vyy =0 = . f(Z)isharmonic function
Uy= —-Vx - Uy= —e *siny
fUydy= —[e*sinydy - U= e *cosy+ f(x)

Ux=Vy - —e"}eos/y+f\(x)= —%sy
Sf(xX)=0 - Jf\(x)dx= dex
“fx)=c

~ U= e*cosy+c

f(x)=Vy—ilUy= —e*cosy+ie*cosy+c



2-d) Prove that not all harmonic function is analytic function for:

(3x—2y) +i(x+y)

Ux=3 Vx=1
Uxx =0 Vy=0
Uy =-2 Vxx =1
Uyy =0 Vyy=0

~ Uxx + Uyy = 0 =» U is harmonic

=~ Vxx +Vyy = 0 =» Vis harmonic

~ f(Z) is harmonic function

Ux #Vy, Uy # —Vx =2 C.R condition not satisfied

~ f(Z) is not analytic

3-a) By using Cauchy's Residue theorem to:

ao 2T

: 2
i) Show that fcn2+cost9 ==

12 . 0 1 dZ
Z=eV -dZ=1ie' d9—>d9=,.9dZ=,—
i et iZ
Z+ 771 _ 7 — 771
cos = ——— , sinf=—— , C: |Z]=1
2 20

, jé 1 dZ Z Zf 1
— kK —_— = —
5 Z+Z7Y iz Z ] WUW+Z+2Z7VH)Z
t ¢



_23@ 1 dZ—ng 1 7
i Jaz+ z2+1 7 i) 72+47 +1

c c

Zip= —— = -2 + V3= -027 -37

Z=-0.2=>insideC Z, =-3.7 outside C

1
(Z +0.27)(Z + 3.7)

Ri= z-_057f(Z) = lim (Z+0.27) «

1
R, = — = 0.2915
1™ 343

2 2T
wl==2mi ,_._F5f(2)] = 4m [0.2915] = —
l2ni o 55 ()] = 4n [02915] = =

3-a-ii) Evaluate: ¢ - dz

|Z|=2 z4+522+6

o dz
B j (z2 + 2)(z% + 3)

7%2= -2 57Z= +i\2 pole of order one (inside c)
7?2 = —3 — Z = +iV/3 pole of order one (inside c)

Ry = ,555/(2) = Jim (Z = Z,)f(2)

Iy Res — i J :
At Z=i2 D> ,5f(2) = hmz—nﬁ(z//‘/z) (4 WDEAVD(EZ243)

1
C2iV2

— Res R T . 1
Ry = 2e—ivaf (2) = hmZ—"iﬁ(Z//L\/E) (Z+i72)(Z— iV2)(22+3)

R4




1
R, =
‘T _2iV2
. R ET . 1
Ry = Z=i5§f(z) B hmZ—’i\/?(Z +/M3/)(22+ 2)(Z+ iV3)(Z=iV3)
. — 1
T 23
. R ERT ; 1
Ry= ,__i3f (@) = llmZﬁ—i\/?(W) (Z2+2)(Z+W3)(Z— (V3)
R — 1
Y 2iV3
dz <
o] = =2256’5 Z)=2mi[0]=0
b T w2/ @ =20

3-b) Prove the Cauchy Integral formula, then use it to evaluate:

f sintZ? 4 coswZ?
izi=3 Z—1D(Z-2)

1 1 -1
(z-2)(z-1) (z—2)+ (z-1)

by using partial fraction

I =

% sintZ? 4 coswZ?
c -1)(Z-2)

[% sinmZ? + cosmwZ? jé sintZ? + cosmwZ?
C C

(z—2) (z—1)
: 2 2
sinmZ“ + cosnZ o
LatZ,=2 - I, = f dZ = 2mi[sin 47 + cos 4]
c (Z - 2)
11 == 277:1,

sintZ? + cosmZ?
Izatzo =2 —d 12 = %

dZ = 2mi[sinm + cos ]
c (Z - 1)



12 == —27TL

o I == 11 —_— 12 - 277:1, - (_an) - 4’7Tl

sinz

Z—m)? in Laurent's near Z = m and find the residue

3-c) Expand f(Z) =
at this point.

Taylor series » sinZ = sinmt + (Z — m) cosm — % (Z — m)%sinm
1
- 5(2 — )3 COSTT+ v vvennnnn.
1
:4mz=-{Z—n)—gﬂZ—ﬁﬁ——{z—nf+ ..........

1 1
£(2) = ~@-m - 5@ -m = S (Z =T ]

(z —m)?

-1 1 1
f(Z)Z Z_—,u_ i(Z—TL’)— E(Z—T[) ..........

Zﬁe;f(Z) = -1

3-d) Evaluate [ ((02'15))

joining from (0, 1) to (0, 5) and from (O, 5) to (2, 5).

(3x + y)dx + (2y — x)dy along the straight line

OnC;:x=0 -dx=0
jy=5 (o,S) k——pe

ICl ==

2y —0)dy = [y?]3 =25—1=24 Cy
y=1 :L"I'\) J

OnCy,:y=5 -dy=0

x=2 3x? ‘34
IC =j (3x+5)dx= T+5X =(T+10>—0=16
0

1
x=0

I= g, + I, = 24+ 16 = 40




